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1. Motivations and summary 

The search for exact string backgrounds has been a major motivation in the field for many 
years. Gravitational backgrounds with a clear geometric interpretation are even more 
important since they may provide a handle on quantum gravitational phenomena, black 
holes and ultimately cosmology - for those which are time-dependent. Wess-Zumino- 
Witten models provide such a class of solutions, with remarkable properties. The target 
space is in that case a group manifold and, together with the metric, the Neveu-Schwarz 
antisymmetric tensor is the only background field. Both of these fields are exactly known to 
all orders in a'. So are the spectrum, partition function, two- and three-point functions, . . . 

Wess-Zumino-Witten models appear in many physical set-ups, as near-horizon geome- 
tries of specific brane configurations. The three-sphere is part of the near-horizon geometry 
of NS5-branes. This is the target space of an SU{2)k super-wzw model at bosonic level 
k = — 2. Another celebrated example is that of AdSs. The latter appears in the 
NS5-brane/fundamental-string background, together with S"^, at equal radius L = ^Ja'N^; 
it is realized in terms of the 5'L(2,M)^ wzw at level k = k + A. These are important 
examples because of their role in the study of decoupling limits, little-string theory, holo- 
graphic dualities etc. The knowledge of exact spectra, amplitudes, ... is crucial for better 
understanding of these issues. 

Despite the many assets of wzw models, the major limitation comes from the dimen- 
sion and signature of their target spaces. When dealing with compact groups, the dimen- 
sion often exceeds six (e.g. SU{3) is eight-dimensional), while for non-compact groups, 
S'L(2,M)^ is the only example with a single time direction. 

In order to reduce the dimension of the target space, while keeping two-dimensional 
conformal invariance and tractability, the usual procedure is the gauging. Gauged wzw 
models are realized algebraically, at the level of the chiral currents and energy-momentum 
tensor, by following the GKO construction Alternatively, one can work directly on the 
action and gauge symmetrically a subgroup H C G. For H = U{1), the gauged model can 
even be obtained as an extreme marginal deformation of the original model, driven by a 
/ d?zJj perturbation, where J and J are the currents associated with the U{1) C G. 

Target spaces of gauged wzw models are not usual geometric cosets G/H. Firstly, 
the background fields of gauged wzw receive non-trivial a' corrections* , while geometric 
cosets can be assigned a well-defined metric. Secondly, the isometry groups are different. 
For geometric cosets, the isometry group is G, while it is H for the target space of the 
gauged wzw. 

Geometric cosets could provide alternative backgrounds, with different properties and 
new possibilities for accommodating six or less space dimensions, or a single time direction 
(in the non-compact case). Unfortunately, they have not been systematically analyzed, 
and were even thought to be, at most, leading-order solutions to the string equations. 
Although some exact solutions were identified in the past [§, |3|, ^, no generic pattern for 
generalization was known. 

*The higher-order a' corrections are trivial for wzw models: they boil down to shifting k ^ k + g* in 
the classical backgrounds {g* is the dual Coxeter number of the group G). 
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The issue of geometric cosets as exact backgrounds has been recently revisited in Q. 
There, it was shown that 5^ = SU{2) /U{1) and AdS2 = 5-L(2,]R)/f7(l)space, with magnetic 
and electric fluxes and no dilaton, can be obtained as extreme marginal deformations of the 
SU{2)k and S'L(2,R)^ wzw models. In this case the background fields are exact up to the 
usual finite renormalization of the radius (A; — > A; + 2 and k ^ k — 2) and spectra, partition 
functions, . . . are within reach. The marginal deformations are asymmetric because the 
right current that appears in the bilinear does not belong to the right-moving affine algebra 
of the group at hand. 

Asymmetric marginal deformations apply to any group. The aim of the present paper is 
to investigate on several interesting generalizations of this method, in the case of compact 
groups, and make contact with asymmetrically gauged wzw models. We will focus in 
particular on the SU (3) group. In this case the asymmetric marginal deformation leads to 
the SU{3)/U{1) geometric coset, with magnetic fluxes and no dilaton. In turn, this coset 
is identifled with the asymmetric gauging of a f7(l)^ in the original wzw models. 

In the cases under consideration, however, more possibilities exist, which we further 
exploit. We examine the asymmetric gauging of the full Cartan torus The geometric 

cosets obtained in this way, can be assigned two different metrics depending on the precise 
manner the gauging is performed, in combination with the extreme asymmetric marginal 
deformation. One is Kahlerian and consequently no NS form survives: we obtain the flag 
space F3 = 5C/(3)/C/(l)^, recognized many years ago @ to be a leading-order solution, 
thanks to its Kahlerian structure. The other metric is not Kahlerian, and the background 
has both magnetic and NS fluxes. It enters into the construction of non-compact manifolds 
of G2 holonomy Q. 

All our solutions are exact sting backgrounds with no dilaton - contrary to the usual 
symmetrically gauged wzw models. We can determine their spectra as well as their full 
partition functions. 

The paper is organized as follows: flrst we fix the notation by reviewing some known 
facts about wzw models and then show how to read the background fields corresponding 
to an asymmetric marginal deformation of such models. We emphasize in particular the 
decompactification of the Cartan torus that takes place at the extremal points in moduli 
space (Sec. ^. This formalism is then used to study the deformation of the SU (2) and 
SU (3) models (Sec. P). In the following we introduce a different construction in which the 
limit deformations are identified to asymmetrically gauged wzw models and the defor- 
mation is generalized so to reach the different constant-curvature structures admitted by an 
asymmetric G/T coset, with particular emphasis on the SU (3) /U (1)^ case (Sec. ^. The 
next section (Sec. ^) deals with the computation of the one-loop partition functions for the 
asymmetric deformations leading to geometric cosets. Two different methods are proposed, 
one using the Kazama-Suzuki decomposition in terms of Hermitian symmetric spaces, the 
other via the direct deformation of the Cartan lattice of the Lie algebra corresponding to 
the group. In the final section (Sec. ^ we give an example of application by using these 
soft's to construct other supersymmetric exact string backgrounds such as the left-coset 
analogues of the NS5-branes solutions ^] . They provide new holographic backgrounds 
of the Little String Theory type |11, 12, and may be dual to non-trivial supersymmet- 
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ric compactifications on manifolds with singularities. The concluding appendices contain 
some facts about the geometry of coset spaces, partition functions and characters of affine 
Lie algebras. 



2. Compact coset spaces: general formalism 

In this section we will fix the notation by reviewing some well known facts about conformal 
field theories on group manifolds (wzw models) and give the general formalism for the truly 
marginal deformations leading to exact cft's on left coset spaces. 

2.1 String theory on group manifolds: a reminder 

Let Q be the (semi-simple) Lie algebra of the (compact) group G and { Tm } a set generators 
that satisfy the usual commutation relations [Tm, T^] = /^"p^p and are normalized with 
respect to the Killing product k{Tm,T^) = — tr (TmTn) = Smv- We can always write g as 
the direct sum Q = j(Bt where t is the Cartan subalgebra and correspondingly distinguish 
between the Cartan generators {T^} and the generators of j , { } . 

The generators are in one-to-one correspondence with the Maurer-Cartan left-invariant 
one-forms defined by: 

Ju = K (Tm, g-^ dg) = - tr (Tm^"^ d^) (2.1) 

where g is the general element of the group Q. It is a well known fact that the scalar 
product on q naturally induces a scalar product (■, •) on the tangent space Tg to Q that 
can be written by decomposing the induced metric (the so-called Cartan-Killing metric) 
in terms of the currents as follows: 

( d^, d^) = K {g-^ dg,g-^ dg) = ^ Sm^k (Tm, g'^ dg) k (T^, g'^ dg) = ^ SmnJ"" ^ J"" 

MN MN 

(2.2) 

Now let us consider the affine extension of the Lie algebra fljt, at level k. We have two 
sets of holomorphic and anti-holomorphic currents of dimension one, naturally related to 
the Maurer-Cartan right- and left-invariant one-forms: 

Jm{z) = -k k{Tm, dgg-^) , Jm(z) = k K{Ty,,g-^ Bg). (2.3) 

Each set satisfies the following operator product expansion: 

Uz)Mw) = + +0{iz- .)0) (2.4) 

This chiral algebra contains the Virasoro operator, given by the Sugawara construction: 

M ^ 

where g* is the dual Coxeter number and the corresponding central charge is given by: 

c = (2.6) 

k + g* ^ ' 
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An = 1 superconformal extension is obtained by adding (dimg) free fermions transform- 
ing in the adjoint representation: 

nz) = yy-^^+:A,di^^: (2.7) 




3A; 

MNP 



An heterotic model is provided by considering a left-moving N = 1 current algebra and 
a right-moving A = one. The Lagrangian (cr-model) description of this model is given 
by the linear combination of the following wzw-model and the action for free fermions 
transforming in the adjoint representation: 

(the exterior derivative is here understood as acting on the worldsheet coordinates). The 
background fields corresponding to this action are the Cartan-Killing metric Eq. (^]^) and 
the NS-NS two-form field, coming from the wz term: 

H=dB=TT {g-' dgf = ^/mnp A J'^ A (2.10) 
2.2 Asymmetric deformations 



Truly marginal deformations of wzw models were already studied in |14, |l^. In particular 
in heterotic strings we can consider a deformation obtained with the following exactly 
marginal operator V built from the total Cartan currents of q (so that it preserves the 
local A^ = (1,0) superconformal symmetry of the theory): 



y = ^j^'^Y.^a (j"(z) - ^r.™ : :) j{-z) (2.11) 



(where the set {Hq} are the parameters of the deformation and J{z) is a right moving cur- 
rent of the Cartan subalgebra of the heterotic gauge group at level kg). Such a deformation 
is always truly marginal since the Ja currents commute. 

It is not completely trivial to read off the deformed background fields that correspond 
to the S + V deformed action. A possible way is a method involving a Kaluza-Klein 
reduction as in |1(:]. For simplicity we will consider the bosonic string with vanishing 
dilaton and just one operator in the Cartan subalgebra t. The right-moving gauge current 
J used for the deformation has now a left-moving partner and can hence be bosonized as 
J = id(p, if (z, z) being interpreted as an internal degree of freedom. The sigma-model 
action is recast as 

S=^ d?z (Gmn + Smn) ax^ax^, (2.12) 



2vr „ 

where the x^, M = 1, . . . , 4 embrace the group coordinates x^, /i = 1,2,3 and the internal 

4 _ 

X = ip: 

= (J^) . (2.13) 
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If we split accordingly the background fields, we obtain the following decomposition: 



and the action becomes: 












dx^ dip 





(2.14) 



+ (Gw^M - ^m) dx^" + G^^ dip Bp] . (2.15) 



We would like to put the previous expression in such a form that space-time gauge 
invar iance, 



B^A B^i + d^rj, 
is manifest. This is achieved as follows: 
S = ^ y d^z { (g^^ + B^J^ dx^" Bx" + {Bx^'Bp - dpBxf") + 



(2.16) 
(2.17) 



where G^j/ is the Kaluza-Klein metric 



{dp + A^dx^") {Bp + A^Bx^) } , (2.18) 

(2.19) 



G^if — G G^pipA^Ajy 



We can then make the following identifications: 



G 



B. 



k 

k 
2 



B 



ti4 



C A 



kkr. 



Af, = H, 



l2k ~ 
k 



J [11 



G, 



(2.20a) 
(2.20b) 

(2.20c) 
(2.20d) 
(2.20e) 



Let us now consider separately the background fields we obtained so to give a clear 
geometric interpretation of the deformation, in particular in correspondence of what we 
will find to be the maximal value for the deformation parameters Hq. 

The metric. According to Eq. ( 2.20a| ), in terms of the target space metric, the effect 
of this perturbation amounts to inducing a back-reaction that in the basis of Eq. (|2.2| ) is 
written as: 

( d (7 , d5 ) H = X] ® - 2 5^ H 2 X X = X] ® + ( 1 - 2 ) Ja ® X ( 2 . 2 1 ) 

M a /X a 
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where we have expHcitly separated the Cartan generators. From this form of the deformed 
metric we see that there is a "natural" maximal value = l/\/2 where the contribution 
of the Ja ® Ja term changes its sign and the signature of the metric is thus changed. One 
could naively think that the maximal value = l/\/2 can't be attained since the this 
would correspond to a degenerate manifold of lower dimension; what actually happens is 
that the deformation selects the the maximal torus that decouples in the = H ^ l/\/2 
limit as it was shown in [|[ for the S\J (2) and SL (2,M) algebras. 

To begin, write the general element g € G as g = ht where h G G/T, t £ T. Substituting 
this decomposition in the expression above we find: 



( d (ht) , d (ht))^ = tr \^{ht)-^ d (ht) {ht)'^ d (/it) j - ^ 2\il tr [Ta {ht)'^ d {hty^ 

a 

= tr {h'^ dhh'^ dh) + 2 tr {dt r^h'^ dh) + tr {r^ dt dt) + 

-^2H^(tr {Tat-^h-^ dh t) + tr {Tat-^ dt)f (2.22) 

a 

let us introduce a coordinate system (j^jil^a) such as the element in ^/T is parametrized 
as h = h (7^) and t is written explicitly as: 



t = expJ J^^„rJ = JJe'^''^'^ 

I. a ) a 



(2.23) 



it is easy to see that since all the Ta commute t ^ dt = dt t ^ = J2a '^''Pa- This allows 
for more simplifications in the above expression that becomes: 

( d (ht) , d (ht))^ = tr {h'^ dhh'^ d/i) + 2 ^ tr (r^/i"^ dh) dtpa + J] ^^^a d^a+ 

a a 

- ^2h2 (tr {Tah-^dh) + dil^af = tr {h'^ dhh'^ dh) - 2h2 (tr {Tah'^ dh))^ + 

a a 

+ 2^(1- 2h2) tr {Tah-^ dh) d^Pa + 2^(1" 2h2) diPa dVa (2.24) 

a a 

if we reparametrise the ipa variables as: 

V'a = -tA^ (2-25) 



VI - 2Ha 

we get a new metric (•, •)g where we're free to take the l/\/2 limit: 

{d{ht) , d{ht))'^ = tr {h-\lhh-^ dh) - ^2h2 (tr {T^h-^ dh))^ + 

a 

+ 2 \/l-2H2tr {Tah-^ dh) di^a + ^^^^ (2-26) 

a a 

and get: 



{d{ht),d{ht))[ 



/V2 



tr {h-^dhh-^dh) - J]](tr {Tah-^dh)y 



+ J^dV'adV'a (2.27) 
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where we can see the sum of the restriction of the Cartan-KilHng metric* on T^Q/T and 
the metric on TtT = TtU {Vf ■ In other words the couphng terms between the elements 
h G Q /T and t & T vanished and the resulting metric (•, -Yy^ describes the tangent space 
Tht to the manifold G/T xT. 

These homogeneous manifolds enjoy many interesting properties. The best part of 
them can be interpreted as consequence of the presence of an underlying structure that 
allows to recast all the geometric problems in Lie algebraic terms (see App. ^ for some 
constructions). There's however at least one intrinsically geometric property that it is 
worth to emphasize since it will have many profound implications in the following. All 
these spaces can be naturally endowed with complex structures by using positive and 
negative roots as holomorphic and anti-holomorphic generators. Moreover for each space 
there is not in general only one of these structures (but for the lowest dimensional SU (2) 



case) and there always exists one of them which is Kahler |17|. 



Other Background fields. The asymmetric deformation of Eq. ( ^.11 ) generates a non- 



trivial field strength for the gauge field, that from Eq. (2.20d) is found to be: 




'±-Har^,J^^Ar (2.28) 
(no summation implied over a). 

On the other hand, the i?-field ( |2.20b| ) is not changed, but the physical object is now the 
3- form H: 

H[3] = dB- a dA" = ^fu^pj^' A J'^ A - 2 ^ h2 /,^p J-AJ^A J\ (2.29) 

^ a 

where we have used the Maurer-Cartan structure equations. At the point where the fibra- 
tion trivializes, = l/\/2, we are left with: 

liy^^ = \UvpJ^ ^J" ^J'- (2-30) 

So only the components of ff[3] "living" in the coset Q jT survive the deformation. They 
are not affected of course by the rescaling of the coordinates on T. 

A trivial fibration. The whole construction can be reinterpreted in terms of fibration 
as follows. The maximal torus T is a closed Lie subgroup of the Lie group hence we can 
see ^ as a principal bundle with fiber space T and base space Q jT [^] 

Q ^ QjT (2.31) 

The effect of the deformation consists then in changing the fiber and the limit value Hq = 
l/\/2 marks the point where the fibration becomes trivial and it is interpreted in terms of 
a gauge field whose strength is given by the canonical connection on Q /T |n 



*This always is a left-invariant metric on G/ H. A symmetric coset doesn't admit any other metric. For 
a more complete discussion see App. 
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2.3 Equations of motion 

In this section we want to explicitly show that the background fields we found on the left 
coset space are solution to the first order (in a') equations of motion ||20t| . 
For a vanishing dilaton they read: 

5c = -R + ^^F'^^,F'^^^^ (2.32a) 

P^''\u = R,. - \h,p.H/'^ - ^F\pF%P = (2.32b) 
= V^F^^p = (2.32c) 
= V^F%, - ^F^^'PH^^p = (2.32d) 

after applying the proper normalizations^ our fields are given by: 

k 

gfj-u = -S,_iu (2.33a) 

[oh 

F\. = -J-f\, (2.33b) 
k 

Hfii/p = ——ffMup (2.33c) 

• the P^^^ = equation ( |2.32c ) is just the restriction of the same equation for the 
initial wzw model 

• the two terms in the /J*-"^^ = equation ( |2.32d ) vanish separately: the first one 
because F is closed (or, equivalently because /""^^y seen as a two form in G/T satisfies 
the condition stated below Eq. ( A.13| )); the second because it is proportional to: 

^ ^ favpffjivp = ^ ^ /aMH/^MH = 2(^ 5ap = (2.34) 

i/,pe0/() M.RSs 

• to solve the ^S^*^) = equation ( p.32b| ) we need some more work. Using the results in 
App. B.l, for a general algebra, we obtain 

R^jLU — ^ ^ ^ ffipafvpa "I" ^ ^ fappfaup (2.35) 
p,f7 a,p 

that is consistent with the result in Eq.( A.l^ ). 

If we introduce the orthonormal basis described in ( [B.lD the Ricci tensor can be 
explicitly written as: 

„ _l\-f f ,\^f f _L*A if is odd 

^^11/ — . / ^ Jppajvpa "T / ^ Jappjaup — ^5 -\- O^y s. 

^ P,a a,p ^ ^ Ir^'/al " is even 

(2.36) 



^Unless explicitly stated we consider a' = 1 and the highest root ^jj — 2 
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In particular for a simply laced algebra reduces to 

-K/xi/ — ^ — Qf^u l^-J'j 

This result can be read by saying that the metric we obtain on a simply laced algebra 
is Einstein with the following Ricci scalar: 

R = (dim - dim t) (2.38) 

k 

For example in the case of G = SU (N), g* = N, (dimg — dimt) = N {N — 1) and 
then 

{N + 2)N{N -1) 



R = '—^ (2.39) 



3. Some Examples 



In this section we will give some explicit examples of our construction. In particular we 
will consider the deformation leading from the SU (2) background to the SU (2) /U (1) ~ 
5^ coset (which already appeared in as part of the AdS2 x S"^ background) and the 
superconformal field theory on SU (3) /U (1)^. Although our construction is quite general 
and can in principle be applied to any group there is a limited number of examples giving 
critical heterotic string theory backgrounds with a clear geometrical meaning. This is 
just because of dimensional reasons: SU (2) /U (1) is two-dimensional, SU (3) /U {ly is 6- 
dimensional and USp{4) /C/(l)^ is 8-dimensional; higher groups on the other hand would 
lead to cosets of dimension greater than 10 (in example SU (4) /U (1)^ has dimension 
15 — 3 = 12). On the other hand these higher-dimensional cosets can be used e.g. to obtain 



non-trivial compactifications generalizing the constructions of [21, 22], if the level of these 
CFTs are kept small. 

3.1 The two-sphere CFT 

The first deformation that we explicitly consider is the marginal deformation of the SU (2) 
WZW model. This was first obtained in |23| that we will closely follow. It is anyway worth 
to stress that in their analysis the authors didn't study the point of maximal deformation 
(which was nevertheless identified as a decompactification boundary) that we will here 
show to correspond to the 2-sphere S"^ ~ SU (2) /U (1). Exact cft's on this background 



have already obtained in |24] and in [g]. In particular the technique used in the latter, 
namely the asymmetric gauging of a SU (2) x U (1) wzw model, bears many resemblances 
to our own. 

Consider an heterotic string background containing the SU (2) group manifold, times 
some (1,0) superconformal field theory Ai. The sigma model action is: 



S 



kSsu(2){9) + ^ [ d^z lY.X-dX' + j^rdxA+SiM), (3.1) 

la=l n=l J 



where A* are the left-moving free fermions superpartners of the bosonic SU (2) currents, 
are the right-moving fermions of the current algebra and kSsu{2) (ff) is the wzw action for 
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the bosonic SU{2) at level k. This theory possesses an explicit SU{2)l x SU{2)ji current 
algebra. 

A parametrization of the 5*^7 (2) group that is particularly well suited for our purposes 
is obtained via the so-called Gauss decomposition that we will later generalize to higher 
groups (see App j^). A general element g {z,ip) £ SU (2) where z £ C and ^ G M can be 
written as: 

, (l0\ (l/^/7 0\ (lw\ (e'^/^ \ 

where w = —z and / = 1 + |z| . In this parametrisation the matrix of invariant one- forms 
17 = (7 (z, ^p)~^ dg (z, t/j) appearing in the expression for the Maurer-Cartan one-forms (2.1) 
is: 

z dz - z dz + if di/j e"*'^ 
5^11 = 2^ ^12 = 

^21 = -^12 ^22 = -S^ll (3.4) 

(remark that 0, is traceless and anti-Hermitian since it lives in 5u(2)). From 0, we can 
easily derive the Cartan-Killing metric on TgSU (2)^ as: 

^ ds^ = tr = {z'^ dz® dz + z^dz® dz-2{2 + \zf^ dz (g) dz^ + 

I 1 

+ -{zdz - zdz)® di^ + -dtp® di^ (3.5) 
/ 2 

The left-moving current contains a contribution from the free fermions realizing an SU {2)2 
algebra, so that the theory possesses (local) = (1,0) superconformal symmetry. 

The marginal deformation is obtained by switching on a magnetic field in the SU{2), 
introducing the following (1, 0)-superconformal-symmetry-compatible marginal operator: 

SS = ^/^(j3 + x+X-)J (3.6) 
2tt 

where we have picked one particular current J from the gauge sector, generating a U{1) 
at level kg. For instance, we can choose the level two current: J = ix^x^- As a result the 
solutions to the deformed a- model ( |2.2lD , (|2.28|) and (|2.29|) read: 

1 dz (p) dz 1 
ds^ = ^ + (1 - 2h2) — (iz dz - iz dz + f dij) (iz dz - tz dz + f dil^) (3.7) 

^ {l + \z\'^ ^ 
dB = — — ^dzAdzAdV' (3.^ 



A= J^ii(^-j{zdz- zdz)+ di^] (3.9) 
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It can be useful to write explicitly the volume form on the manifold and the Ricci scalar: 



Vdety dz A dz A dV' = -- — dz A dz A M> (3-10) 



1 + \A 



6 + 4h2 ^ ^ 

i?=^^ (3.11) 

It is quite clear that at H = Hmax = ^/V^ something happens as it was already 



remarked in |23]. In general the three-sphere SU (2) can be seen a non-trivial fibration of 
U (1) ~ as fiber and SU (2) /U (1) ~ S"^ as base space: the parameterization in ( ^^ ) 
makes it clear that the effect of the deformation consists in changing the radius of the fiber 
that naively seems to vanish at Hmax- But as we already know the story is a bit different: 
reparameterising as in Eq. ( p.25| ): 

one is free to take the H l/\/2 limit where the background fields assume the following 
expressions: 

-ds^ > ^ + dV"8) dV' (3.13) 



k idz f\ dz , 
2 (3-14) 



H >0 (3.15) 

Now we can justify our choice of coordinates: the (z, z) part of the metric that decou- 
ples from the ip part is nothing else than the Kahler metric for the manifold CP^ (which 
is isomorphic to SU (2) /U (1)). In this terms the field strength F is proportional to the 
Kahler two-form: 

-gzz dz A dz (3.16) 




This begs for a remark. It is simple to show that cosets of the form G/H where H is the 
maximal torus of G can always be endowed with a Kahler structure. The natural hope 
is then for this structure to pop up out of our deformations, thus automatically assuring 
the N = 2 world-sheet supersymmetry of the model. Actually this is not the case. The 
Kahler structure is just one of the possible left-invariant metrics that can be defined on 
a non-symmetric coset (see App. ^) and the obvious generalization of the deformation 
considered above leads to C-structures that are not Kahler. From this point of view this 
first example is an exception because SU (2) /U (1) is a symmetric coset since U (1) is not 
only the maximal torus in SU (2) but also the maximal subgroup. It is nonetheless possible 
to define exact an cft on flag spaces but this will require a slightly different construction, 
that we will introduce in Sec. ^. 



- 12 - 



We conclude this section observing that the flux of the gauge field on the two-sphere 
is given by: 

However one can argue on general grounds that this flux has to be quantized, e.g. because 
the two-sphere appears as a factor of the magnetic monopole solution in string theory p5| . 
This quantization of the magnetic charge is only compatible with levels of the affine SU (2) 
algebra satisfying the condition: 

^=p\ peZ. (3.18) 

Kg 

3.2 The SU(3)/U(1) flag space 

Let us now consider the next example in terms of coset dimensions, SU (3) /C/(l)^. As 
a possible application for this construction we may think to associate this manifold to a 
four-dimensional (1,0) superconformal fleld theory Ai so to compactify a critical string 



theory since dim 



SU{3)/U{lf 



6. Our construction gives rise to a whole 



family of cft's depending on two parameters (since rank [SU (3)] = 2) but as before 
we are mainly interested to the point of maximal deformation, where the U (1)^ torus 
decouples and we obtain an exact theory on the SU (3) /U (1)^ coset. Before giving the 
explicit expressions for the objects in our construction it is hence useful to remember 
some properties of this manifold. The flrst consideration to be made is the fact that 
SU (3) /U (l)'^ is an asymmetric coset in the mathematical sense defined in App. |A| (as we 
show below). This allows for the existence of more than one left-invariant Riemann metric. 
In particular, in this case, if we just consider structures with constant Ricci scalar, we find, 
together with the restriction of the Cartan-Killing metric on SU (3), the Kahler metric of 
the flag space F^. The construction we present in this section will lead to the first one 
of these two metrics. This is known to admit a nearly-Kahler structure and has already 
appeared in the superstring literature as a basis for a cone of G2 holonomy . 

A suitable parametrisation for the SU (3) group is obtained via the Gauss decomposi- 
tion described in App. ^ In these terms the general group element is written as: 



gizi,Z2,Z3,'ipi,ij2) 



/ e'^i/^ Z1+Z2Z3 ^i{il)i-il)2)/2 Z3-Z1Z2 -iil)2/2\ 



(3.19) 



where Zi are three complex parameters, ipj are two real parameters and /i = l + l^il^-l-lzsl^, 

I 1 2 I 1 2 

f2 = ^ + \z2\ + \z3 — ziZ2\ . As for the group, we need also an explicit parameterisation 
for the su(3) algebra, such as the one provided by the Gell-Mann matrices in Eq. ( |C.10| ). 
It is a well known result that if a Lie algebra is semi-simple (or, equivalently, if its Killing 
form is negative-definite) then all Cartan subalgebras are conjugated by some inner auto- 
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morphism*. This leaves us the possibihty of choosing any couple of commuting generators, 
knowing that the final result won't be influenced by such a choice. In particular, then, we 
can pick the subalgebra generated by t = (A3, As).^ 

We can now specialize the general expressions given in Sec. |2[ The holomorphic cur- 
rents ( ^ ) of the bosonic SU (3)^ corresponding to the two operators in the Cartan are: 

J^ = -tT (Aag (z^, Va)"' dg (z^, Va)) = - tr (As^ {Zf., V'a)"' dg (z^, Va)) (3.20) 
that in these coordinates read: 




^2(1 



2/2 J 2/2 \fl 2/2 

_|_ c C + - "^^^ 

V2 2V2 



(3.21) 



^8 [3jziZ2-Z3 zi^\zxf zi- zxz-i -Z1Z2 + Z3 \ 1 [3 

^ ^^l2\ -y^'' + V, "^'^ + 2/2 '^"^l + + 2 V 2 

(3.22) 

they appear in the expression of the exactly marginal operator ( |2.11| ) that we can add to 
the SU (3) wzw model action is: 

y = j d^2 H3 [j^ ^2^^! : + : V'5V'4 : + : V'rV'e o) 

+ Hg (^J^ - ^\/|(: V'5V'4 : + : Me J' (3.23) 

where ^ire the bosonic current superpartners and J are two currents from the gauge 
sector both generating a [/(l)^^. 

Since rank [SU (3)] = 2 we have a bidimensional family of deformations parameterised 
by the two moduli H3 and Hg. The back-reaction on the metric is given by: 

ds^ = g^^ dz" dz^ + (1 - 2hI) J^®J^ + {1- 2hI) ® (3.24) 

where g^^^ is the restriction of the SU (3) metric on SU (3) /U (1)^. It is worth to remark 
that for any value of the deformation parameters H3 and Hg the deformed metric is Einstein 
with constant Ricci scalar. 

With a procedure that has by now become familiar we introduce the following reparametri- 
s at ion: 



*This is the reason why the study of non-semi-simple Lie algebra deformation constitutes a richer 
subject. In example the SL (2,R) group admits for 3 different deformations, leading to 3 different families 
of exact CFt's with different physics properties. On the other hand the 3 possible deformations in SU (3) 
are equivalent. 

^In this explicit parameterisation it is straightforward to show that the coset we're considering is not 
symmetric. It suffices to pick two generators, say A2 and A4, and remark that their commutator [A2, A4] — 
— I/V2A6 doesn't live in the Cartan subalgebra. 
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and take the H3 l/\/2) Hg l/\/2 limit. The resulting metric is: 

ds' = g^-, dz- d-z^ + d^i ^ d^i - dV'i ^ d^, + dyi, d^ ^3^^^^ 

that is the metric of the tangent space to the manifold SU (3) /U (1)^ x J7 (1) x ?7 (1). As 
shown in App. ^ the coset metric hence obtained has a C-structure, is Einstein and has 
constant Ricci scalar R = IS/Zc. The other background fields at the boundary of the moduli 
space read: 

F= dj^ + dj^ (3.27) 
//j3] = -3\/2 I A [J^ KJ^ -J^ K J^) + ^/^J'^ A {J^ AJ^ + J^ A J^) } (3.28) 

If we consider the supersymmetry properties along the deformation line we can remark 
the presence of an interesting phenomenon. The initial SU (3) model has N = 2 but this 
symmetry is naively broken to = 1 by the deformation. This is true for any value of 
the deformation parameter but for the boundary point h| = h| = 1/2 where the N = 2 



supersymmetry is restored. Following pq, 22, E^] one can see that a G/T coset admits 



N = 2 supersymmetry if it possesses a complex structure and the corresponding algebra 
can be decomposed as j = j+ © j_ such as = j+ and [j-J-] = j-. Explicitly, 

this latter condition is equivalent (in complex notation) to fijk = fjj^ = faij = fai] = 0- 
These are easily satisfied by the SU (3) /U (1)^ coset (and actually by any G/T coset) since 
the commutator of two positive (negative) roots can only be proportional to the positive 
(negative) root obtained as the sum of the two or vanish, as shown in Eq. ( |B.3D . Having 
N = 2 supersymmetry is equivalent to asking for the presence of two complex structures. 
The first one is trivially given by considering positive roots as holomorphic and negative 
roots as anti-holomorphic, the other one by interchanging the role in one out of the three 
positive/negative couples (the same flip on two couples would give again the same structure 
and on all the three just takes back to the first structure). The metric is hermitian with 
respect to both structures since it is SU (3) invariant. It is worth to remark that such 
background is different from the ones described in [27| because it is not Kahler and can't 



be decomposed in terms of Hermitian symmetric spaces. 
4. Gauging 

In this section we want to give an alternative construction for our deformed models, this 
time explicitly based on an asymmetric wzw gauging. The existence of such a construction 
is not surprising at all since our deformations can be seen as a generalization of the ones 



considered in |25]. In these terms, just like JJ (symmetric) deformations lead to gauged 
wzw models, our asymmetric construction leads to asymmetrically gauged wzw models, 
which were studied in |^. 

First of all we will give the explicit construction for the most simple case, the SU (2) 
model, then introduce a more covariant formalism which will be simpler to generalize to 
higher groups, in particular for the SU (3) case, whose gauging will lead, this time, to 
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two different exact models corresponding to tlie two possible Einstein complex structures 
admitted by the SU (3) /U (1)^ manifold. 

To simplify the formalism we will discuss gauging of bosonic CFTs, and the currents 
of the gauge sector of the heterotic string are replaced by compact U{1) free bosons. It is 
obvious that all the results are easily translated into heterotic string constructions. 

4.1 The SU(2)/U(1) asymmetric gauging 

In this section we want to show how the S"^ background described in can be directly ob- 
tained via an asymmetric gauging of the SU (2) x U (1) WZW model (a similar construction 
was first obtained in Q). 

Consider the wzw model for the group manifold SU (2)^ x U (1)^/. A parametrisation 
for the general element of this group which is nicely suited for our purposes is obtained as 
follows: 

/ Zi Z2 ^ 

' G SU{2) X U{1) (4.1) 



92 








91 



-Z2 Zi 
V 23, 

where gi and g2 correspond to the SU (2) and U (1) parts respectively and (21,22,23) 
satisfy: 

SU{2) XU{1) = {{WI,W2,W3) I \wi\^ + \W2\^ = 1, |u'3p = 1} C (4.2) 

A possible choice of coordinates for the corresponding group manifold is given by the Euler 
angles: 

SU{2) X ^7(1) 

(.1,^2,. 3) = (cos§e<^+")/^sin|e<^-")/^e^^ 



< P < 7^,0 < a, l3, if <2tt 

(4.3) 



In order to obtain the coset construction leading to the background we define two 
U (1) ^ SU (2) X U (1) embeddings as follows: 

eL : U {!) ^ SU {2) X U {!) en : U {1) ^ SU (2) x U {1) 

e'^ ^ e*^^ (l,0,e*^) 

so that in terms of the z variables the action of these embeddings boils down to: 

9^^L{engeRien~' (4.5) 
{wi,W2,W3) [e'^'^wi,e^^W2,e~^'^W3) (4.6) 

This means that we are free to choose a gauge where W2 is real or, in Euler coordinates, 
where j = a, the other angular variables just being redefined. To find the background 
fields corresponding to this gauge choice one should simply write down the Lagrangian 
where the symmetries corresponding to the two embeddings in ([4.4| ) are promoted to local 
symmetries, integrate the gauge fields out and then apply a Kaluza-Klein reduction, much 
in the same spirit as in p|. 
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The starting point is the wzw model, written as: 

k f - k' f 

Swzw (9) = ^ / dz^ Tr {g^^ dg2g2^ dg2) + ^ dz^ Tr {g:[^ dgig^^ dgi) 

Its gauge-invariant generahzation is given by: 



(4.7) 



5* — S\\ 



+ — d'z 
2-K 



kATv [tLdgg-^] + k' ATv {tRg'^Bg) + Vk^AA (-2 + Tr {tLgtRg-^)) 

(4.8) 



where A and A are the components of the gauge field, and and tpc are the Lie algebra 
generators corresponding to the embeddings in (f4.4D, i.e. 



tL 



0-3 












tR 












p 



(4.9) 



£73 being the usual Pauli matrix. For such an asymmetric coset to be anomaly free, one 
has the following constraint on the embeddings: 



kTritLf = k'Tr{tRf 



k = k'p^ , with p G N. 



(4.10) 



If we pass to Euler coordinates it is simple to give an explicit expression for the action: 

S (q, i3,-f,^) = ^ J d?z ^ {dada + 9/3(9/3 + 97^7 + 2 cos pdad^i) + ^d^d<f+ 

+ ik {da + cos /397) A + ik'\/2dipA - 2^/kk/AA (4.11) 

This Lagrangian is quadratic in A, A and the quadratic part is constant so we can integrate 
these gauge fields out and the resulting Lagrangian is: 



S (a,/3,7,9') 



1 

2^ 



k 



k' 



d'^z — [dada + d(3d[3 + djdj + 2 cos pdadj) H dipdip+ 



x/2kk' 

+ {da + cos (i d-i) B'f (4.12) 



now, since we gauged out the symmetry corresponding to the U (1) embeddings, this action 
is redundant. This can very simply be seen by writing the corresponding metric and 
remarking that it has vanishing determinant: 



det g^y 



fe/4 



A;/4 A;/4cos/3 ^/2W/4 
/c/4cos/3 k/A ^/2fcF/4cos/5 
\/2W/4 \/m'/4cos/3 k'/2 



(4.13) 



Of course this is equivalent to say that we have a gauge to fix (as we saw above) and this 
can be chosen by imposing 7 = a, which leads to the following action: 



S {a,l3,ip) 



\ r k - - k' - \/2kk' 

d^z- {2 {1 + cos P) dada + d(3dp) + -d^d'f+--—{l + cos p) da dtp 



2tx 



(4.14) 
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whence we can read a two dimensional metric by interpreting the da dip term as a gauge 
boson and applying the usual Kaluza-KIein reduction. We thus recover the two-sphere we 
expect. 



d'S — 9fA.li GipipAfj^Ai, 
supported by a (chromo)magnetic field 



k 



(4.15) 



A 



- (1 + cos /?) da 



(4.16) 



As advertised above we now turn to rewrite the above gauging in a more covariant 
form, simpler to generalize. Since we're interested in the underlying geometry, we'll mainly 
focus on the metric of the spaces we obtain at each step and write these metrics in terms of 
the Maurer-Cartan currents*. As we've already seen in Eq. (p.2|), the metric of the initial 
group manifold is: 



k' 



(4.17) 



where {Ji-,J2-,Jz} are the currents of the SU (2) part and X the U (1) generator. The 
effect of the asymmetric gauging amounts - at this level - to adding what we can see as an 
interaction term between the two groups. This changes the metric to: 



fr ^ y 



ds' ='-y ^ Jt (^Jf + —l®l+ Vkk'J^ 1 (4.18) 
Of course if we choose {J^i,J^2, •Js,^) as a basis we can rewrite the metric in matrix form: 



1 

'=2 



(k 



\ 



k 



\ 

k' j 



(4.19) 



where we can see that the gauging of the axial symmetry corresponds to the fact that the 
sub-matrix relative to the {^73,X} generators is singular: 



k VkF 
^ k' 







explicitly this correspond to: 
kJs Js + Vkk'Js i 

where 



) 1 + VkUjs ®1 +k'l ®1 
VkJ^ + 



{k + k')j®J 



J 



VkTk' 



(4.20) 



(4.21) 



(4.22) 



*One of the advantages of just working on the metrics is given by the fact that in each group one can 
consistently choose holomorphic or anti-holomorphic currents as a basis. In the following we will consider 
the group in the initial wzw model as being generated by the holomorphic and the dividing group by the 
anti-holomorphic ones. 
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is a normalized current. In matrix term this corresponds to projecting the interaction 
sub-matrix on its non-vanishing normahzed eigenvector: 




k + k' 



(4.23) 



and the resulting metric in the (Ji, j) basis is: 

(k 

k 



(4.24) 



\ k^k' ^ 

This manifold (whose metric appears in the action ( p. 12 )) corresponds to a S*^ fibration 



(the fiber being generated by over a S*^ base (generated by {Ji,J2))- 

51 , M 



(4.25) 



It should now appear obvious how to generalize this construction so to include all the 
points in the moduli space joining the unperturbed and gauged model. The decoupling of 
the U (1) symmetry (that has been "gauged away") is obtained because the back-reaction 
of the gauge field Eq. ( [4. 121 ) is such that the interaction sub-matrix is precisely singular. On 
the other hand we can introduce a parameter that interpolates between the unperturbed 
and the gauged models so that the interaction matrix now has two non-null eigenvalues, 
one of which will vanish at the decoupling point. 

In practice this is done by adding to the the asymmetrically gauged wzw model an 



auxilliary U{\) free boson Y at radius R = {kk 



2H-1 



1/2 



This U{1) is coupled 



symmetrically to the gauge fields such that the anomaly cancelation condition is still given 
by ( 4.10| ). In particular if we choose the gauge y = 0, the metric reads: 




(4.26) 



which is exactly the model studied above. For a generic value of the two eigenvalues 
are given by: 



Ai (A;, A;',h) 



k + k' ^ Jk"^ + k'^ + 2 (4h2 - 1) kk' 



(4.27) 



so we can diagonalize the metric in the {J\^ Ji-, J ^ J) basis i^j and j being the two 
eigenvectors) and finally obtain: 

k 

Ai (A;, A;', h) 
\ A2(A:,fc',H)y 



(4.28) 
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Of course, in the ^ limit we get the initial wzw model and in the ^ 1/2 limit we 
recover the asymmetrically gauged model Eq. ( [4.24 ). 

It is important to remark that the construction above can be directly generalized to 
higher groups with non-abelian subgroups, at least for the asymmetric coset part. This is 
what we will do in the next section. 

4.2 SU (3) /U(l)2 

To study the SU (3) case we will use the "current" approach, since a direct computation in 
coordinates would be impractical. As one could expect, the study of SU (3) deformation 
is quite richer because of the presence of an embedded SU (2) group that can be gauged. 
Basically this means that we can choose two different deformation patterns that will lead 
to the two possible Einstein structures that can be defined on the SU (3) /U (1)^ manifold 
(see App. 0). 

4.2.1 Direct gauging. 

The first possible choice consists in the obvious generalization of the SU (2) /U (1) con- 
struction above, ie simply gauging the U (1)^ Cartan torus. Consider the initial SU (3);, x 
U (1)^,/ X U (1)^// model. In the {J'l, . . . ,^8,Xi,T2) base {{J^i} being the SU (3) generators 
and {Ik} the 2 C/(l)'s), the initial metric is written as: 










k' 





k" 



(4.29) 



the natural choice for the Cartan torus is given by the usual {J^i J's) generators, so we can 
proceed as before and write the deformed metric as: 



2x2 



Ai (fc,A;',H3) 



kl 



4x4 



Ai ik,k",ii8) 



A2 {k,k',ii3) 



V 



(4.30) 



X2ik,k",H8)/ 

where H3 and Hg are the deformation parameters and Ai and A2 are the eigenvalues for the 



interaction matrices, given in Eq. 4.27. In particular, then, in the Hn 



.3 ^ 1/2, Hi ^ 1/2 

limit two eigenvalues vanish, the corresponding directions decouple and we're left with the 
following (asymmetrically gauged) model: 













k + k' 






k + k" 



(4.31) 



in the {Ji, J2, Ja, J5, Je, Jr, Vk'Ii + VkJ3,Vk"l2 + VkJs) basis that can be seen as a 
U (1)^ fibration over a SU (3) /U (1)^ base with metric diag (1, 1, 1, 1, 1, 1) (in the notation 
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of App This is precisely the same result we obtained in Sec. 3^ when we read the 
fibration as a gauge field living on the base. 



M 



SU{3)/U{1) 



(4.32) 



As in the previous example all this construction is valid only if the asymmetrically gauged 
wzw model is anomaly-free. This will be explained in detail in section ^. 

4.2.2 The F3 flag space 

Let us now turn to the other possible choice for the SU (3) gauging, namely the one where 
we take advantage of the SU (2) embedding. Let us then consider the SU (3)^^ x SU (2 
U (1)^./ X U wzw model whose metric is 

9 = 



>k2 



V 



^2l3x3 



k' 



(4.33) 



k" I 



in the {Ji^ . . . ,J^,Zi^Z2.,T'j„K,i,K,2) basis, where {Ji) generate the St/ (3), (Xj) generate 
the SU{2) and {Id) generate the U {if . 

The first step in this case consists in an asymmetric gauging mixing the {Ji,J2^-Jz} 
and {Ti,2'2,2'3} currents respectively. At the gauging point, a whole 3-sphere decouples 
and we obtain the following metric: 











(/C2 + /eg) 13X3 








k' 


v 




k" 



\ 



(4.34) 



where we have to remember that in order to have an admissible embedding k2 = k^ = k. 
Our result is again - not surprisingly - a SU (2) fibration over a SU (3) / SU (2) base (times 
the two C/(l)'s). 

SU{2) y 



M 



(4.35) 



SU (3) /SU{2) 

Of course one could be tempted to give Ai the same interpretation as before, namely 
a SU (3) / SU (2) space supported by a chromo-magnetic SU (2) field (or, even better, 
gauging an additional U (1), of a CP^ background with a SU (2) x U (1) chromo-magnetic 
field). Actually this is not the case. The main point is the fact that this SU (3) x SU {2) 
model is essentially different from the previous ones because the U (1) factors were the 
result of the bosonisation of the right-moving gauge current which in this way received 



a (fake) left-moving partner as in Sec. 2.2. This is not possible in the non-abelian case 
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since one can't obtain a SU (2) at arbitrary level k out of the fermions of the theory^. In 
other words, the SU (2) factor is in this case truly a constituent of the theory and there 
is no reason why it should be decoupled or be given a different interpretation from the 
SU (3) part. This is why the structure obtained by the 5*^7 (2) asymmetric gauging is to be 
considered a 8-dimensional space admitting a SU (2) SU (3) / SU (2) fibration structure, 
or, equivalently, a deformed SU (3) where an embedded SU (2) is at a level double with 
respect to the other generators. 

On the other hand we are still free to gauge away the two U (1) factors just as before. 
This time we can choose to couple Ki with the J^s factor that was left untouched in the 
initial SU (3) and IC2 with the ^Ts + T3 generator. Again we find a two-parameter family 
of deformations whose metric can be written as: 



/Cl4x4 






\ 
























^2 

1^2 ) 



(4.36) 



where: 



\(2k,k'\H") 



In particular now we can take the decoupling h' = H 
9 = 



(4.37) 
(4.38) 



v 



2kl 



2x2 



1/2 limit where we obtain: 
\ 



k + k' 



(4.39) 



2k + k" J 



this structure is once more a U {ly SU (3) /U {ly fibration but in this case it is perfectly 
fine to separate the space components from the gauge field ones. So we can read out our 
final background fields as the Kahler metric on F3 (see App .^) supported by a U (l)"^ 
(chromo)magnetic field. 

To summarize our results we can say that the two Einstein structures that one can 
define on SU (3) /U (1)^ are both exact string theory backgrounds: 



The first one, obtained as the asymmetric coset 
field strength and a magnetic field; 



SUi3)xUilf 



U{ir 



is supported by an ns-ns 



The second, corresponding to the 



SUi3)xSU{2)xU{iy 
SU{2)xU{l)'^ 



asymmetric coset is Kahler and 



hence supported by the (chromo-)magnetic field alone. 



^This would be of course be possible if we limited ourselves to small values of k, but in this case the 
whole geometric interpretation of the background would be questionable. However for Gepner-like string 
compactifications this class of models is relevant. 
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This Kahler structure has been deeply studied both from the mathematical and phys- 
ical points of view. In particular the Kahler form can be written as in App. 



^^(Tm'Tm) = log 



1 + l7i|^ + ItsI^ 



+ log 



1 + I72P + I73 - 7i72p 



(4.40) 



It is immediate to show that this manifold is Einstein and in particular its Ricci scalar 
is R = 12. Being Kahler, is torsionless, that means in turn that there is no ns-ns 
form-!-. Moreover there is no dilaton by construction^. The only other field that supports 
the background comes from the U (1)^ fibration. Since the manifold is Kahler it is useful 
to take advantage of the complex structure and write our background fields in complex 
formalism. In these terms the metric is written as: 



(4.41) 



where J7* and J'^ are the Maurer-Cartan corresponding to positive and negative roots 
respectively and the field strength is given by: 



k 



(4.42) 



where C is the following tensor 



(4.43) 



In Sec. we show that the metric and (chromo)magnetic field solve the first order 
in a' equations of motion. 



5. Exact construction: partition functions 



In this section we will compute the one-loop partition functions for the various asymmetric 
deformations leading to geometric cosets. We consider the part of the partition function 
of the CFT affected by the deformation. We have holomorphic supersymmetric characters 
and anti- holomorphic bosonic characters of the affine Lie algebra g^, times some anti- 
holomorphic fermionic characters from the gauge sector: 



a; [h] 

b; [9] 



A,A 



r]{T) 



dim(g)/2 



X 



(5.1) 



where (a, 6) and {he,ge) are the spin structures of the (left and right) worldsheet fermions. 
Useful formulas about characters is provided in appendix 0. Starting from the cfts de- 
fined by these partition functions we will perform the magnetic deformation that has been 
discussed in the previous sections from the geometrical point of view. 



■''To be precise one could define a B field but this would have to be closed 

^The dilaton would basically measure the difference between the asymmetric coset volume form and 
the homogeneous space one as it is shown in p9[| 
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5.1 The SU(3)/U(1)2 flag space CFT 

The partition function for the asymmetric deformation of SU{2) has already been given in 
|5|. We can hence begin with the next non-trivial example of SU{3). In this case we will 
compare explicitly two possible constructions, the Kazama-Suzuki method and the direct 
deformation along the Cartan torus to show that they give the two inequivalent metrics on 
the geometric coset. 

5.1.1 The Kazama-Suzuki decomposition of SU(3) 

We would like to decompose our wzw model in terms of Kazama-Suzuki (ks) cosets, which 
are conformal theories with extended N = 2 superconformal symmetry |2^, ^ . 

The simplest of those models are the N = 2 minimal models that are given by the 
quotient: ■S'C/(2)fc_2x50(2)iy'(/(i)^^ a^d their characters come from the branching relation: 

= E (5.2) 

For convenience, we write the contribution of the worldsheet fermions in terms of S0{2n)i 
characters, see appendix 

Similarly it is possible to construct an = 2 coset CFT from SU{3) p2|, p^]:* 



(5.3) 



SU{3),_,xSO{4)^ 
SU{2%.2xU 

The characters of this theory are implicitly defined by the branching relation: 

2j=Q neZofc ' 

Therefore combining the two branching relations, we obtain the decomposition of SU (3) 
in terms of A?" = 2 KS models: 

j,m,n 

This decomposition follows the following pattern: 

(5.6) 

and we shall perform the deformation on the left lattice of U (1)3;- x U (1)^. However the 
deformation will also act on an appropriate sub-lattice of the right-moving gauge sector. 
The last 50(2)1 factor corresponds to the fermions which are neutral in the process so 
they won't be considered afterwards. 



'According to our conventions, the weights of a (7 (1) at level k are "'^/4fc, m G 1,2k- 
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5.1.2 The gauge sector 

To construct the model we assume that the gauge sector of the heterotic strings contain 
an unbroken S0{6)i, whose contribution to the partition function is, written in terms of 
50(6)1 free fermionic characters Hg*", see App. |D[ Since we decompose the characters of the 
left-moving sector according to eq. (5.6), a natural choice for the action of the deformation 
in the right-moving gauge sector is to use a similar Kazama-Suzuki decomposition, but for 
/c = 3, in which case the bosonic CFT is trivial: 

Since as quoted previously two fermions ~ the 50(2)1 factor - are neutral it is enough 
that the gauge sector contains an 50(6)i subgroup. To achieve this decomposition, first 
we decompose the 50(6)i characters in terms of 50(4)1 x 50 (2) 1: 

^T= E C[se;s,,S2]EfE^' (5.8) 

where the coefficients of the decomposition 50(6) — > 50(4) x 50(2) are either zero or one. 
And then we perform a coset decomposition for the 50 (4) 1 characters: 

£=0,1 weZig ' 

in terms of 5f/(2)i characters and U (1) characters Qu,9- It defines implicitely the coset 
characters Then the SU{2)i x 50(2)i characters are decomposed as: 

= J2 wi'^^^ , (5.10) 

So putting together these branching relations we have the following Kazama-Suzuki de- 
composition for the free fermions of the gauge sector: 



? = E E E E C\se;s,M -It ^ ^- (5.11) 



e„9 

Ly [Sq] S4, S2\ 

S4,S2SZ4 £=0,1 uSZig DSZg 

5.1.3 The deformation 

Now we are in position to perform the asymmetric deformation adding a magnetic field 
to the model. The deformation acts on the following combination of left and right theta 
functions: 

0n,3fc 0u,9 X 0m,fc0v,3- (5-12) 

As for the case of SU{2) |^], we have to assume that the level obeys the condition: 

'^=peN, (5.13) 
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to be able to reach the geometric coset point in the moduli space of cft. Then we have to 
perform 0(2, 2, R) boosts in the lattices of the U (l)'s, mixing the left Cartan lattice of the 
super-wzw model with the right lattice of the gauge sector. These boosts are parameterized 
in function of the magnetic fields as: 



cosh 9.a= ^ ^^^^ , a = 1,2 (5.14) 



Explicitly we have: 



qH^i+^f qK^^+^Y X g'(^^ + Tl)'^3(/2+f)' 

NuN2ez /i,/2ez 

^ q^[p{^^ + Yip-) '=°'^'^f^i + (/i + Tg)sinhni]^^3[p(Af2 + ^) cosh n2+(/2 + |) sinh ^2] ^ 

NUN2J1J2& 

X -9[(/i + §)coshf7i+p(7Vi + ^)sinhni]'_3[(/2 + |)coshQ2+p(7V2 + ^)«mhC2]' ^^-^^^ 

After an infinite deformation, we get the following constraints on the charges: 

m = p {ISfi — u) , fj, £ Zp (5.16a) 
n = p{6i' — v), h' £ Zp (5.16b) 

and the U (1)^ CFT that has been deformed marginally decouples from the rest and can be 
safely removed. In conclusion, the infinite deformation gives: 

E E E '^j^!pa8/i-«) ^ii6u-v) ^ ^fc"3 '^lUu '^v^'' (^•1'') 
£=0,1 



where the sum over A,j runs over integrable representations, see appendix ^ This is 
the partition function for the S\J (3) jU (1)^ coset space. The fermionic charges in the 
left and right sectors are summed according to the standard rules of Gepner heterotic 
constructions [21|. The modular properties of this partition function are the same as 
before the deformation, concerning the Z4 indices of the worldsheet fermions. 

5.1.4 Alternative approach: direct abelian coset 

Here we would like to take a different approach, by deforming directly the Cartan lattice of 
SU3 without decomposing the left CFT in terms of KS = 2 theories. As explained in the 
App. |D|, it is possible to perform a generalized (super)parafermionic decomposition of the 
characters of the SU3 super-algebra at level k (containing a bosonic algebra at level /c — 3) 
w.r.t. the Cartan torus: 



dimO)/2 



AeM*mod fcM 



^^■^ (5.18) 



^dim(t) 
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where the theta function of the SU3 affine algebra reads, for a generic weight A = mjAj (see 
app. 0): 

e,,fc= 9^"^^'^^= E glll^^°^+^^°^+ '"'''^r''' lP (5.19) 

To obtain an anomaly-free model it is natural to associate this model with an abelian 
coset decomposition of an SU{3)i current algebra made with free fermions of the gauge 
sector. Thus if the gauge group contains an SU{3)i unbroken factor their characters can 
be decomposed as: 

X^= E ^i®-x- (5-20) 

\=ni\y e M*mod M 

Again we will perform the asymmetric deformation as a boost between the Cartan lattices 
of the left SU3 algebra at level k and the right SU3 lattice algebra at level one coming from 
the gauge sector. So after the infinite deformation we will get the quantization condition 
Vk = p and the constraint: 

A + pA = mod pM =: p , // G M. (5.21) 

So we get a different result compared to the Kazama-Suzuki construction. It is so because 
the constraints that we get at the critical point force the weight lattice of the SU3 at level 
k to be projected onto p times the SU3 weight lattice at level one of the fermions. This 
model does not correspond to a Kahlerian manifold and should correspond to the SU (3)- 
invariant metric on the flag space. Indeed with the KS method we get instead a projection 
onto p times a lattice of SU3 at level one which is dual to the orthogonal sublattice defined 
by aiZ + (ai + 202)^- in other words the lattice obtained with the Gell-Mann Cartan 
generators. In this case it is possible to decompose the model in KS cosets models with 
N = 2 superconformal symmetry. 

We have seen in section Q that, in the gauging approach, ones obtains the Kahler metric 
automatically when one starts from the SU{2) fibration over SU (3) /SU{2) rather than 
from the wzw model SU (3). It is now very easy to understand why it is the case. Indeed 
once the SU{2) has been taken out of the SU (3), the only U (1) that can be gauged (or 
deformed) is the U (1) orthogonal to the root ai of the SU{2) subalgebra, thus must be 
along the ai + 2a2 vector. This will allow automatically to decompose the abelian coset 
into KS Hermitean symmetric spaces, and the model corresponds to the Kahlerian metric 
on the flag space. However, at the level of the effective action, the deformation method of 



section 3.2 is not sensitive to these two possible CFT realizations of the flag space. 



5.2 Generalization 

The previous construction can be easily generalized to any affine Lie algebra, but the 
formalism gets a little bit bulky. We will consider separately all the families of simple Lie 
algebras, since the construction differ significantly. We will mainly focus below on the KS 
decomposition method. 



^For the symmetrically gauged wzw models, this has been studied in |^^. 
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5.2.1 An algebras 

For an SU{n + 1) wzw model we use the following decomposition in terms of = 2 
Kazama-Suzuki models: 

SUin + l)k-n-i X 50(n2 + 2n)i ^ 
SUjn + l)k-n-i X gO(2n)i 5[/(n)fc_„ x S0{2{n - l))i 5^(2)fc_2 x 50(2)i 

-S^^ {n)k-n X ?7 (l)„(„+i)fc/2 SC/ (n - l)fc_„+i X [/ il)(^n~l)nk/2 ^ (l)fc 

X 50(n)i X U (l)„(„+i)fc/2 X [/ (l)(„_i)„fe/2 X---XU (l)fc 

(5.22) 

So the left worldsheet fermions of SO(n'^ + 2n)i are decomposed into: 

SO(n2 + 2n) ^ SO{2n)i x 50(2(n - l))i x • • • x S0{2)i x 50(n)i (5.23) 
where n fermions are neutral. The Kazama-Suzuki decomposition of the characters reads: 

,,A ■^S2n'^^2(n-l) ^S2^Sl \ " \ " \" \" 

A ^2n ^2{n-l) ■ ■ ■ ^2 — /-^ / ^ 

,1 , , {n-l)nfc C\ 

(jA,(s2„)j^Ai,(s2(„_i)) _ _ (^2) ^ "^1. 2 ''"a. 2 ... ^nin,k /g24) 

Ai,mi A2,m2 ^ V 

where the sum on A^,A^,...,j is taken over integrable representations (see App. 0) of 
SU{n), SU{n — 1), . . . , SU{2). For the right fermions of the gauge sector the story is 
the same as for the SU (3) example. We will need n(n + 1) free fermions realizing an 
30(11? + n)i algebra, in order to use the Kazama-Suzuki decomposition for the An model 
at level k = n + 1, such that the bosonic part trivializes: 

50(n2 + n)i ^ 

S0{2n)i SU{n)i x 50(2(n - l))i 5[/(2)„_i x S0{2)i 



SU{n)i xU{l) „,„^,,2 SUjn -1)2 x [7 (1) 

2 2 

X U (l) „(„ + i)2 X [/ (l) (n-l)n(n + l) X • • • X [7 (l) 
2 2 

(5.25) 

So we can write the decomposition in terms of coset characters as: 

-n{ntl) = Yl ^ [Sn(n+1); S2n, S2(n-1), • • • , S2] ^ ' ' ' X] 

S2n,52(,i_i)---S2eZ4 '"l6^n{n + l)2 "2 £^(,1- l),i(n + l) "neZ2(„ + l) 



n(n + l)2 (n-l)n(n + l) 

X-Ut • • • ZU,,' X 

A2,1i2 ?y 7^ 



w\ X "^'"^ ••• ^^^^ (5.26) 



For the left coset to exist one has to assume the following constraint on the level of the An 
affine algebra: 

k 

peZ (5.27) 



n + 1 
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Then the decomposition can be carried out straightforwardly, by mixing the lattices of the 
holomorphic theta function for the decomposition ( ^.24 ) and the decomposition (5.25). We 
get the following constraints: 



mi = p [n{n + - ui] , //i G Zp 

1712 =p [{n - l)n(n + 1)^2 - -"2] , At2 S Zp 

mn=P [2(n + l)fln - Un] , jJ-n & '^p 



So at the end we can remove the U (1)"" free CFT contribution and we get the fol- 
lowing "partition function" for the SU{n + left coset, with N = 2 worldsheet 
superconformal symmetry: 

A K^,A?,...,i niieZ„(„+i) m2eZ(„_i)„s, mn&k 
[Sn(n+1); ^2n, S2{n-1): • • • ) ^2] ^ ^ ' ' ' 

^2n,S2{„_l)---S2eZ4 ''lS^„{,i+l)2 "2 GZ(„_ Un&2{n+1) 

E(jA, (S2n) ^A^(«2(n-l)) . . . (J-?'' («2) 

Al,p[n(n+l)2/ii-ni] A2, p[(n-l)n(n+l)/i2-W2] p[2(n+l)/i„-«„] 

X x'^rol (529) 

Ai,ni A2,«2 ^ ' 

As in the previous example this characters combination behaves covariantly under modular 
transformation, i.e. is modular invariant up to the transformation of the fermionic indices 
{sj} and Sn{n+i)- The modular invariance of the complete heterotic string background will 
be ensured by an appropriate Gepner construction. 

Now let us consider the other simple Lie algebras. For sake of brevity we will only 
sketch the method, which is quite parallel to the present case. 

5.2.2 B„ algebras 

In this case, the relevant Kazama-Suzuki N = 2 coset model is: 



SO{2n + l)k-2n+i X gO(4n-2)i 
50(2n - l)fc_2„+3 X C/(l)2fc 

therefore the decomposition in iV = 2 models of the group manifold is: 



(5.30) 



SO{2n + l)fc_2n+i X S0{n{2n + l))i ^ 

^ S0{2n + l)fc-2n+i X S0(4n - 2)i ^ S0{2n - l)k-2n+z x SO{An - 6)i 
^ 50(2n-l)fc_2„+3 X C/(l)2fc 50(2n - 3)fc_2n+5 X ?7 (l)2fe 

50(3)fc_i X 50(2)i 



U{1) 



x50(n)ix(C/(l)2,r (5.31) 



2fc 



So there are no specific constraints on the right fermions of the gauge sector. We only need 
to pick up n complex fermions with arbitrary boundary conditions, realizing an [S'0(2)i]"' 
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algebra ^ The level of the 5*0(271, + 1) has to be quantized as \/k € N. Under this condition 
the deformation can be carried out straightforwardly. 



5.2.3 Cn algebras 

We consider here the KS cosets: 

Sp{2n)k-n-i X SO{n{n + 

SU{n)2k-nXUil)^, ^ ■ > 

So apart from the first step the decomposition follows the pattern for An algebras: 



Sp{2n)k-„-i X SO{n{2n + 1)) 



Sp{2n)k-n-i X SO(n(n + l))i SU(n)2k-n x 5'0(2(n- l))i SU{2)2k-2 x gO(2)i 

SU{nU-n X U (1)„, SU{n - Ihk-n+i x U U (l)^, 

X 50(n)i x X X [/ (l)(„_2)(„_i) , x •.• x U (1)^, (5.33) 

Then one need in the gauge sector an S0{2n?)i algebra that will be split according to 
the purely fermionic Kazama^Suzuki decomposition for C„, together with the quantization 
condition 



G N (5.34) 



(5.35) 



n + 1 

Then the deformation will lead to the flag space partition function 

5.2.4 T>n algebras 

We consider here the KS cosets: 

SO{2n)k-2n+2 X SO{n{n - l))i 
SU{n)k-nXUil)^nk 

This case is very close to the last one. We have the decomposition: 

SO{2n)k-2n+2 X SO{n{2n - l))i 

SO{2n)k-2n+2 X SO{n{n - l))i SU{n)k-n x 50(2(n- l))i SU{2)k-2 x gO(2)i 

5[7(n),_„x!7(l),„, SU{n - 1),^^+, x U ' " U{1), 

X 50(n)i X U (1)2„, X U (l)(„_i)„,/2 X U (l)(„_2)(„_i)fc/2 x • • • x f/ (1), (5.36) 

So the fermions of the gauge sector have to realize an SO[2n{n — l)]i algebra, together 
with the quantization condition 



^ G N (5.37) 



2n- 2 



*0f course this algebra may be enhanced in the specific model at hand but this is not necessary. Note 

also that there is another construction when ones starts with and 50(272^)1 algebra in the gauge sector and 
decompose it in terms of the Bn Kazama-Suzuki model at level 2n — 1. 
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5.2.5 Exceptional algebras 

The two exceptional algebras leading to = 2 theories - i.e. giving Hermitian symmetric 
coset spaces - are Eq and Ej. In the first case, we have the decomposition: 



SO{10)k X gO(20)i SU{5)k+s X SO{8)i 



(£;6)fe-i2 X SO{78)i - 
{E6)k^i2 X gO(32)i 

SO(IO), X U SC/(5)fe+3 X U (l)io(,+8) " SU{4),+, x U {l\o^,+s) " " U (1),^, 

X 50(6)i X U (1),, X U (l)io(fe+3) X U (l)io(,+8) X ■ ■ ■ X f/ (5.38) 

In this case we need fermions in the gauge sector realizing an Eq algebra at level one, 
and will lead to the quantization condition ^k/ll £ N. In the second case, we have the 
decomposition: 



iEr)k-i8 X 50(133)] 



iEQ)k X 50(32)i 



{E7)k-i8 X 50(54)i ^ 

(Ee), X U (1)3, S0{W)k+i2 X [/ (l)6(fc+i2) 



(5.39) 



and we see clearly that the conditions on the level we would get from the first U {1) at 
level 3k and the other ones are generically incompatible. Thus one cannot construct a flag 
space CFT for Ei but only a coset by the maximal torus of the Eq embedded in Ej. 

5.3 Kazama-Suzuki decomposition vs. abelian quotient 

In this section we would like to stress the ambiguity in deflning an abelian coset of wzw 
models. We will consider the An case in the discussion, although it's pretty much the same 
for the other classical Lie algebras. 

An abelian super-coset GxSO{#s-<i)/u(i)'^, (with g at level k — g*) must be supplemented 
with the definition of the action of the abelian subgroup in g, corresponding to a choice of 
a particular sub-lattice of T G Vk'WL (these issues have been discussed in |3^ for symmetric 
supercosets of type II superstrings) . In our construction, the left-coset structure will re- 
quire that, in order to achieve modular invariance, the lattice behaves covariantly as some 
combination of right-moving fermions of the gauge sector of the heterotic string. It will 
be possible only if the level of the q affine algebra obeys a special quantization condition. 
In the KS construction we define with these right-moving fermions an orthogonal lattice; 
therefore we have also to choose an orthogonal sub-lattice of the root lattice for the wzw 
model in order to make this construction possible. 

For the An algebra, the relevant orthogonal basis is written as follows:^ 



ui = \fka\ 

V2 = Vk{ai + 202) 

1^3 = Vk (ai -I- 2a2 + 3a3) 



(ui, I'l) = 2k 
{1^2,1^2) = Qk 
{1^3,1^3) = 12/c 



^Vn = Vk{ai + 2a2 H h nan) {'^n, '^n) = n{n + l)k 



(5.40) 



^In the case of A2, we find the GeU-Mann matrices of SU (3) (d.fO) 



-31- 



and is of course a sub-lattice of the complete root lattice. More precisely it corresponds to: 

n n 

\/fc0Zaa (5.41) 

a=l a=l 

Then the associated theta-functions of 5U„+ican be written as a product of usual 5112 theta 
functions: 

n 

®S = n 0ma,a(a+l)fc/2 with A = ^771^1/*. (5.42) 

a=l 

This choice of orthogonal basis allows actually to decompose the abelian coset into a 
chain of Kazama-Suzuki models, with enhanced N = 2 supersymmetry on the worldsheet. 
Indeed we have to choose the lattice of the U (1) in •S'f^("+i)/5(7(n)xi7(i) to be Zf„, such 
that it will be orthogonal to the root lattice of 5Un-i given by X]a=i ^CKa; thus allowing to 
gauge it. 

The left coset corresponding to this choice of abelian subgroup is obtained by a 
marginal deformation with the operator ©^(i^ajH). Its partition function is composed 
of the coset characters obtained through the branching relation: 

n = E ^--'^"^-^ n 0A..(.+i)./2. (5.43) 

r=l X=XaU* G r* mod kF a=l 

On the other hand, the standard N = 1 abelian coset construction is defined with a 
full y/k'M. lattice. The left coset is obtained by a marginal deformation with the operator 
©a(aa)H). The relevant coset characters are given by: 

110-2= E cf"'-'^"^-^e,,,. (5.44) 

r=l A=eA/* mod kM 

As in the ^3 case, we can show that the left cosets corresponding to these two classes 
of models are different. They are in correspondence with the different possible metrics 
(Kahlerian and non-Kahlerian) on asymmetric cosets spaces discussed in appendix 



6. New linear dilaton backgrounds of Heterotic strings 

These left-coset superconformal field theories can be used to construct various supersym- 



metric exact string backgrounds. The first class are generalizations of Gepner models |21 



and Kazama-Suzuki constructions [22| using the left cosets as building blocks for the inter- 
nal SOFT. This as already been considered in |^ for the 5^ coset but can be extended using 
the new theories constructed above. In this case there is no geometric interpretation from 
the sigma model point of view since these theories have no semi-classical limit. Indeed the 
levels of the cosets are frozen because their central charge must add up to c = 9 (in the 
case of four-dimensional compactification) . However we expect that they correspond to 
special points in the moduli spaces of supersymmetric compactifications, generalizing the 
Gepner points of the CY manifolds. 
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Another type of models are the left cosets analogues of the NS5-branes solutions 10 1 
and of their extensions to more generic supersymmetric vacua with a dilaton background. 
It was shown in [|^] that a large class of these linear dilaton theories are dual to singular 
CY manifolds in the decoupling limit. An extensive review of the different possibilities 
in various dimensions has been given in [^] with all the possible G/H cosets. The left 
cosets that we constructed allows to extend all these solutions to heterotic strings, with 
a different geometrical interpretation since our cosets differ from ordinary gauged wzw 
model. However the superconformal structure of the left sector of our models is exactly 
the same as for the corresponding gauged wzw - except that the values of the N=2 R- 
charges that appear in the spectrum are constrained - so we can carry over all the known 
constructions to the case of the geometric cosets. 

In the generic case these constructions involve non-abelian cosets, and as we showed 
the asymmetric deformations and gaugings apply only to the abelian components. Thus 
in general we will get mixed models which are gauged wzw models w.r.t. the non-abelian 
part of H and geometric cosets w.r.t. the abelian components of H. Below we will focus on 
purely abelian examples, i.e. corresponding to geometric cosets. The dual interpretation of 
these models, in terms of the decoupling limit of some singular compactification manifolds, 
is not known. Note however that by construction there are about \/k times less massless 
states in our models than in the standard left-right symmetric solutions. Therefore they 
may correspond to some compactifications with fluxes, for which the number of moduli is 
reduced. It would be very interesting to investigate this issue further. 

Six-dimensional model. We consider here the critical superstring background: 



5 1 5L(2,R)fc+2 X gO(2)i 



jj(^^^\^SU{2)k^2xSO{2)i (6.1) 



the second factor being a left coset CFT as discussed in this paper. This is the direct 
analogue of the five-brane solution, or more precisely of the double scaling limit of NS5- 
branes on a circle |12, ^], in the present case with magnetic flux. This theory has N = 2 



charges but, in order to achieve spacetime supersymmetry one must project onto odd- 



integral N = 2 charges on the left-moving side, as in the type II construction |31|. This 



can be done in the standard way by orbifoldizing the left N = 2 charges of the two cosets. 
Four-dimensional model. A simple variation of the six-dimensional theory is given by 



.3,1 ^L(2,R)fc/2+2 xgO(2)i 

\. ' X ■ — ; X 

U{l)2k 



^^^^\SU{2)k-2xSO{2), 

^^^^\SU{2)u-2y<SO{2)A (6.2) 



which is the magnetic analogue of the (double scaling limit of) intersecting five-branes 
solution. Also here an orbifoldization of the left N = 2 charges is needed to achieve 
space-time supersymmetry. 
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Three-dimensional models: the flagbrane®. We can construct the following back- 
ground of the G2 holonomy type, as in the case of symmetric coset [5^]: 



1)2,1 



C/(l)3,\^f^(3),-3X ^0(6)1 



and the non-trivial part of the metric is 



dt^ + dx^ + dy2 + _ [dr^ + Ar'^ ds'^{su{z)/u{if)\ 



(6.3) 



(6.4) 



Without the factor of four it would be a direct analogue of the NS5-brane, being conformal 
to a cone over the flag space. 

Another possibility in three dimensions is to lift the SL{2,M)/U{1) coset to the group 
manifold S'L(2,M). In this case, as for the standard gauged wzw construction [^] we will 
get the following anti-de Sitter background: 



SL(2,M),/4+2 X [^(i)^^\5C/(3)fc_3 X ^0(6)1 



(6.5) 



and the left moving sector of this worldsheet CFT defines an = 3 superconformal algebra 
in spacetime. 



Two-dimensional model In this case we can construct the background: 
SL{2, M)fc/4+2 X 50(2)i U (l)3fc\^^ ^^^^-s ^ ^^(6)1 



U{1) 



4fc 



(6.6) 



which corresponds in the classification of |30] to a non-compact manifold of SU (4) holonomy 
once the proper projection is done on the left N = 2 charges. This solution can be also 
be thought as conformal to a cone over the Einstein space SU (3) /U (1). Using the same 
methods are for the NS5-branes in we can show that the full solution corresponding 
to the model (6^) can be obtained directly as the null super-coset: 

5L(2,M),/4X [/(i)\Sf/(3), 



U{1)lxU{1) 



(6.7) 



R 



where the action is along the elliptic generator in the S'L(2,IR), with a normalization 
Tr[(t'^)^] = —4, and along the direction ai + 2a2 in the coset space U{i)\su(?:)^ with a 
canonical normalization. For r ^ 00 the solution asymptotes the cone but when r ^ the 
strong coupling region is smoothly capped by the cigar. 
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A. Coset space geometry 



Coset spaces have been extensively studied in the mathematical literature of the last fifty 
years. In this appendix we limit ourselves to collect some classical results mainly dealing 
with the geometric interpretation. In particular we will follow the notations of [ p4| . 

Let G be a semisimple Lie group and H G G a subgroup. As in the rest of the 
paper, upper-case indices {m,n,o} refer to the whole group (algebra) G, lower-case indices 
{m,n,o} to the subgroup (subalgebra) and Greek indices {/x, i^, u} to the coset. 

It is useful to explicitly write down the commutation relations, separating the genera- 
tors of H and G/H: 

[TrmTj-t] = f rnri^o [^mjT)/] = / rnu^i^ (A. la) 

[T^.T,] = f%,To + r^,T^ (A.lb) 

Of course there are no /"^^^ terms since H \s a, group. G/H is said to be symmetric if 
/■^^^ = 0, i.e. if the commutator of any couple of coset elements lives in the dividing 
subgroup. In this case a classical theorem states that the coset only admits one left- 
invariant Riemann metric that is obtained as the restriction of the Cartan-Killing metric 
defined on G (see eg |^]). This is not the case when H is the maximal torus (except for 
the most simple case G = SU {2)) and the coset manifold accepts different structures. 

Any metric (or, more generally, any degree-2 covariant tensor) on G/H can be put in 
the form 

g = g^, (x) r (A.2) 
One can show that the G invariance of g is equivalent to: 

raf.9.uix) + ra,g.^ix) = (A.3) 

and the homogeneity imposes 

gij = constant (A. 4) 

Both conditions are easily satisfied by g^^ oc 5^,^ (this is the metric on G/H that we 
obtained in Eq. (2.27)). The Levi-Civita connection 1-forms to'^p of g are determined by 

dgfMu - ^'^^,9kv - ^'^uQk^i = (A.5a) 
dJ^ + uJ^'^^r = {) (A.5b) 

and are explicitly written in terms of the structure constants as: 

where W^py can be separated into its symmetric and antisymmetric parts as follows: 

= \ + g^'^n.g.p) (A.7b) 
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We can then derive the curvature 2-form = duj + uj Auj 

JK 

2 



the Riemann tensor 

E>M = _ f " f A* — -fP fp -\--fP fp -4- - fp fP -\--fP -\- - fp K>^ -4- 

i/K(j J KaJ au '^^■^ P^ ^'^■^ '^P ^•^ ^o"-' i^P 2 i^t^ ap ~ i^cr Kp~ 

-\fP KP --fPRf - fp K^^ + RP RP - RP RP fA 9) 

2'' pK cru 2-' PO" f^i' ■' Kcr-'^ pu ^ cru^^ up K!/-'^ crp V^->^7 

and the Ricci tensor: 

Eir = RP = —f"- fP — - fp fp -i--fP fP -\--fP RP -i--fP RP 4- 

±LOI^ycr y^a J ^uJ au 2'' P'^-^ P'^ ^P-^ ""P 2 '^P "P 2 P" Pi' 

- In^KP^u - Ik'^^KP^p (A.IO) 

In particular, in the case of g^y = 5f^y the expressions are greatly simplified because the 
antisymmetric part R^up vanishes and then the Riemann and Ricci tensors are respectively 
given by: 

np =—f°- fp —-fp fP -4--fp fp -i--fp fP (^^^) 

UKa J kcfJ au pi^ '^i^'' <^P '^'^■^ >^P V-^"^^/ 

Richer = — / paf^au ~ '^f^paf^pu (^-l^) 

Another fact that we used in the paper about G/H cosets is a construction due to 



Borel [17, 35| of a Kahler structure over G/T where T is the maximal torus. First of all 
we remark that such a coset can be given a C structure when associating holomorphic and 
anti-holomorphic sectors to positive and negative roots respectively. One can then show 
that the (1, 1) form defined as: 

2 



a>0 



is closed if and only if for each subset of roots {a, /3, 7} such as a = /3+7, the corresponding 
real coefficients Cq, satisfy the condition Ca = + c^. Of course this is equivalent to say 
that the tensor 

q;>0 

is a Kahler metric on G/T. 

In particular, if we consider the SU (3) group, for the su (3) algebra we can choose 
the Gell-Mann A matrices ( p.lO| ) as a basis. In this case if we divide by the U (1) x f7 (1) 



subgroup generated by (A3,A8), the most general metric satisfying (A. 3) has the form 
g = diag {a, a, b, b, c, c} ie SU (3) /U (1) x U (1) admits a three parameter family of metrics. 
Among them, the moduli space lines a = b = c (the metric obtained in Sec. p.2| ) and 
a = b = c/2 (the metric in Sec. represent Einstein structures (with Ricci scalar 15/a 
and 12/a respectively). In both cases the manifold can be endowed with complex structures 
(positive and negative roots respectively generating the holomorphic and anti-holomorphic 
sectors) but only the latter admits a Kahler structure (in this way we obtain the so-called 
flag space F3). 
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B. Equations of motion 



B.l Explicit derivation of some terms 

In this appendix we explicitly derive the expressions for the F^'^pF'^^^^ and H^p^jHy^'^ terms 
appearing in the equations of motion ( p.32b| ). 

Gauge field strength. Consider the term coming from the gauge field strength. First 
of all we can build an orthonormal basis out of the Weyl-Cartan basis by complexifying 
the Cartan generators and combining opposite ladder operators as follows: 



^^^(^a^ (B.l) 

if we write explicitly the {F^) term as follows: 

m,Lj m,u) 

we can see why rewriting everything this choice of basis simplifies the calculation: the only 
commutators that will give a non-vanishing result when projected on the Cartan generators 
are the ones involving opposite ladder operators*, that is |^T^/^~^, T^'^] which are explicitly 
given by: 

^j.2/.-i^2-2^j = z^^2 = • {iH) (B.4) 

this means that: 

^/^(^-,[^^^-]) = a^r^.+i,^ if z. = 2/i-l 

\k{t^, [^^T-]) = - Q^r 5.-1,^ if = 2^ 

putting this back in Eq. ( |B.2D we find: 

m,uj y I '^'^/2 1 if IS even 

I 1 2 9 

if Q is simply laced then we can fix the normalizations to |a^| = if) = 2 and the above 
expression is greatly simplified: 



(B.5) 



*We remember that the Cartan- Weyl basis is defined by: 

[H'^,ff']^Q (B.3a) 

= Q^l"£°^ (B.3b) 

|-^a^ H if = -a, (B.3c) 
otherwise 
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and by applying the right normahzations (see Eq. ( |2.33| )) we find that for a general algebra: 



j-im w-w jpm _ " I ; |'^{'^+i)/2| - - — _ (TX fi\ 

9 y I oi„i2 1 if 1/ is even 

and for a simply laced one: 

Q 

Kg 

NS-NS flux. From the definition of Casimir of the algebra we easily derive that: 

Q = - E E /"no/"op = 25*5.p (B.IO) 

M O 

where g* is the dual Coxeter number. Limit N and P to j (and call them v and tt) and 
separate the two sums (that span over the entire algebra) into the components over j and 



|2 



if u is odd 



^ ^ I ^ ^ / Uof O-K ~^ ^ ^ / ViLif UJ-K j ~^ ^ ^ I ^ ^ / Vof OTT ~^ ^ ^ / VO; / CJTT j '^9 

met \oei a^ei / tiGi VoGt cjei / 



(B.ll) 



now, 



• the term with two elements in the Cartan is identically vanishing /'"j.^ = (for two 
generators in t always commute) 

• the terms with one component in t can be collected an interpreted as field strengths: 
and at the end of the day 

fufMjf77flU; = '^g*^UTV - 2 ^ f"^UUlf\u} (B.13) 



so that for a general algebra, using ( |B.6|) : 

^ Ofi'+D/p if is odd 

J2 Uu^U^ = 2g*5,^ - 2S,^ < I ^ ' . . (B.14) 



^i,u L I "'V2 I 

that reduces in the simply laced case to: 

^ Uu^U^^u. = 2 (5* - 2) ,5,^ (B.15) 



and with the proper normahzations: 



H.^g'^'^g'^^H^,^ = 2g*S,^ - 25,^ \ "'"^'f ' (B.16) 

[ |q^/2| if ^ is even 

which reads in the simply laced case: 

Hui^u^g^'^g'^^H^,^ = 2{g* - 2) 5,^ (B.17) 



if u is odd 
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B.2 Equations of motion for the F3 flag space 



To verify that the background fields that we obtained in Sec. 4.2 solve the equations of 
motion at first order in a' it is convenient to consider the complex structure defined on 
the SU {3) /U (1)^ coset by considering positive and negative roots as holomorphic and 
anti-holomorphic generators respectively. 

To fix the notation let the two simple roots be: 



ai 



V2,0 



a2 



(B.18) 



We already know that in the 



and the third positive root 03 = ai + 02 
complex formalism the metric is diagonal and the coefficient relative to the non-simple root 
is given by the sum of the two others as in Eq. ( |A.14 ). With the right normalization we 
have the following metric and Ricci tensor: 



(l 



\ 



R 



(2 



\ 



(B.19) 



To write the structure constants we just have to remember the defining relations for the 
Cartan-Weyl basis Eq. ( |B.3D : it is immediate to see that /^^^ and /^^^ are non- vanishing 
only if and are opposite roots (which means in turn that in our complex formalism 
they are represented by diagonal matrices) and, given the above choice of roots, we have: 

/O 



'V2 



3/2 



(B.20) 



V 



Let us now introduce a new tensor C that in this basis assumes the form of the unit matrix 
(this is indeed shown to be a tensor in App. ^): 

/l \ 



fit/ 



1 



V V 



(B.21) 



we can use this tensor to define the U (1) gauge field that supports the F3 background 



as 



t- 



The only non-trivial equation of motion is f3 = (2.32b): 



G 



G 



R 



pv 



k 

^ ^ pail ^ I 



pv 



(B.22) 



(B.23) 



^One can read this additional term with respect to the expression in Eq. (2.28) as a way to keep track of 



the fact that the embedded SIJ (2) subalgebra is at a different level with respect to the remaining currents. 
Actually this expression can be seen just as a generalisation of the initial one where we were restricting to 
cosets in which the currents played the role of vielbeins, i.e. in this formalism the metric was proportional 
to the unit matrix. 
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in our basis all the tensors are diagonal matrices. For this reason it is useful to pass to 
matrix notation. Let 

/l 



1 



(B.24) 



V 



so that the metric and the Ricci tensor are given by g = and R = 2G. In this notation 
the above equation reads: 



k„ / k „Q 1 / k 



2k, 



2 

1 2 

= R--^PPR = (B.25) 



a=l 



since Yl'i=i f"^" — 2l3x3 as one can see by direct inspection. 



C. The SU (3) group: an explicit parametrization 

In this section we summarize some known facts about the representation of the SU (3) 
group so to get a consistent set of conventions. 

To obtain the the Cartan-Weyl basis {Ha,E°'j} (defined in Eq. (pl|) ) for the su(3) 
algebra we need to choose the positive roots as follows: 



"1 



\/2,0 



02 



Q3 



2,V^ 



(C.l) 



ttj + a3 




Figure 1: Root system for 5u(3). 
The usual choice for the defining representation is: 



a o^ 

0-10 
,0 Oy 



a 
1 

-2y 



^0 1 0\ 
E+ 
,0 0/ 



^0 G^ 

= I 1 
\0 Oj 



^0 1^ 

^0 0/ 
(C.2) 
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A good parametrisation for the SU (3) group can be obtained via the Gauss decom- 
position: every matrix g £ SU (3) is written as the product: 



(C.3) 



where 6_ is a lower triangular matrix with unit diagonal elements, 5+ is a upper triangular 
matrix with unit diagonal elements and d is a diagonal matrix with unit determinant. The 
element g is written as: 

g {zi,Z2, Z3,ipi,ip2) = exp (^ziE^ + Z2E^ + (^zs - ^y^^ E^^ exp {-FiHi - F2H2) 

exp (wiE+ + W2E+ + (w3 - E^^ exp + iV'2i^2) (C.4) 

where Zu are 3 complex parameters, V'j are two real and Fi and F2 are positive real functions 



of the z^'s: 



Fi = log/i = log ( 1 + Izil^ + l^al^ 



-?^2 = log/2 = log ( 1 + \Z2\'^ + 1^3 - ZlZ2\'^ 



(C.5) 



By imposing g{z^,%l)a) to be unitary we find that the w^'s are complex functions of the 



Zn s: 



Wl 

W2 
W3 



_£l+Z2£3 
^l23-22(l+kl| ) 

- (Z3 - Z1Z2) J ^ 



(C.6) 



and the defining element g {z^,ipa) can then be written explicitly as: 





/l 









5 (^1,^2,^3, -01, ^^2) = 


Zl 


1 





l( 




\z. 


Z2 















^/h/T^ 






(1 








) 





1 


W2 


l( 














V'l/2 \ 

Q g-l(i/'l-V'2)/2 Q 



(C.7) 

Now, to build a metric for the tangent space to SU (3) we can define the 1-form (z, ij:) = 
g~^ {z,ijj) d(7(z,'0) and write the Killing-Cartan metric tensor as (7kc = ti' {^^^) = — tr (QO) 
where we have used explicitly the property of anti-Hermiticity of (that lives in the su (3) 
algebra). The explicit calculation is lengthy but straightforward. The main advantage of 
this parametrization from our point of view is that it allows for a "natural" embedding 
of the SU (3) /[/ (1)^ coset (see e.g. [^] or ||3^): in fact in these coordinates the Kahler 
potential is 



K{z^,z^) = log {fi{z,,)f 2 iz^))=log[(l + \zi\^ + \z3\^) (l + \z2f + 
and the coset Kahler metric is hence simply obtained as: 



Z3 - ZlZ2\ 



g^-p dz" dzf" 



dzadzp 



K{z^,z^) dz"® dz^ 



(C.8) 
(C.9) 



- 41 - 



Another commonly used su (3) basis is given by the Gell-Mann matrices: 

I 0\ / 1 0\ A 0\ 

* 72 = ^ -1 73 = -^ 74 

0/ V 0/ \0 0/ 

1\ /O 0\ /O 0\ 

76 = ^ * 77 = -1= 1 78 = :3s I * 

-1 0/ \0 I 0/ Vo -1 0/ 





(C.IO) 



which presents the advantage of being orthonormal k (Aj, Xj) = Sij. In this case the Cartan 
subalgebra is generated by £ = (A3, Ag). 

D. Characters of affine Lie algebras 

In this section we will recall some facts about the partition functions and characters of 
affine Lie algebras. The characters of an affine Lie algebra g are the generating functions 
of the weights multiplicities in a given irreducible representation of highest weight A: 

c/iA(T,i/,u) = 6-2''^'=" dimyj^exp{2z7rrn + ^i/iK(^ei,A)}, (D.l) 

AeRep(A) « 

where dimVj^ is the multiplicity of the affine weight A = {X,k,n) and {ej} an orthonormal 
basis of the root space. In the framework CFT we define slightly different characters, 
weighted by the conformal dimension of the highest weight of the representation: 



X'' (r, u, u) = e-^*'^'='^TV,ep(A) |g^o-'=^4g2^.K(.,^)J ^ g-" -^Ck+^-r^^chA (r, u) . (D.2) 

where p = ^o:>o *^/^ 9* ^^^^ Coxeter number. To each affine weight A we shall 
assign a theta-function as follows: 

(r, Z/, = e-^^'^'^" g»7rrfc«(7,7) gS^^M'^-T) 

7GMi,+f 

with Ml the the long roots lattice. We can write the affine characters in terms of the 
theta-function with the Weyl-Kac formula: 



g,„ '^(A,A+2p) ^; 



xHr,^,u) = — (D.4) 

2^ e {w) G^(^) (r, V, u) 

w&MV 

W being the Weyl group of the algebra and e {w) the parity of the element w. 

These affine characters are the building blocks of the modular invariant partition func- 
tion for the WZW model, since the affine Lie algebra is the largest chiral symmetry of the 
theory: 

Z = Y M''^^ (r, 0, 0) (f , 0, 0) (D.5) 

A,A 
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where the sum runs over left and right representations of g with highest weight A and A. 
The representations appearing in this partition function are the integrable ones, which are 
such that: ^ 

Rep (A) integrable ^ttttt - (A, 6')] G N , (D.6) 

K [ff, 0) 

where 9 is the highest root. The matrix M^^ is such that the partition function of is 
modular invariant; at least, the diagonal exists since the characters form an unitary 
representation of the modular group. 

In the heterotic strings, the worldsheet has a local N = (1,0) local supersymmetry 
so the left algebra is lifted to a super-affine Lie algebra. However the characters can be 
decoupled as characters of the bosonic algebra times characters of free fermions: 

dim(g)/2 

n , — , . T . / iy I ; I I r 1 \ 

b 

'- A,A 

where (a, b) are the spin structures of the worldsheet fermions. 

The characters of the affine algebras can be decomposed according to the generalized 
parafermionic decomposition, by factorizing the abelian subalgebra of the Cartan torus. 
For example, we can decompose the left supersymmetric Qk characters in terms of characters 
of the supersymmetric coset, given by the following branching relation (see [p2| ): 

dim(j)/2 




1] 



A mod (fc+3*)ML 

in terms of the theta- functions associated to Qk- 



j^dim(l) 



D.l The example of SU (3) 

In an orthonormal basis, the simple roots of SU (3) are: 

ai = (V2, O) , as = (-yV2, y^) . (D.9) 



The dual basis of the fundamental weights, defined by yX^pajj = (5*- is given by: 

A} = {yv2, yve) , = (o, v^) . (d.io) 

As they should the simple roots belong to the weight lattice: 

ai = 2A}-A^, a2 = 2A^-A}. (D.ll) 

The theta function of the 5U3 affine algebra reads, for a generic weight A = rriiXy. 

ex,k = E = E (D.12) 

So the vector appearing in the theta function is: 

Vk{2n -n)+^^\^ + {Vkn (D.13) 
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D.2 Modular transformations 

We have the following modular transformations for the theta-functions: 



ex,k{-l/r) = {-iT 



,dim(e)/2 



M* 



-1/2 



/xeM* mod fcMt 



where M* is the lattice dual to Ml, |Ml| is the size of the basic cell of Ml and for the 
affine characters: 



X^(-l/r) 



M* 



{k + g*) Ml 



-1/2 



A' wew 



t(A+p)«>(A'+p) A' 



X'' (r) (D.15) 



In this formula, |A+| is the number of positive roots. From these two formulas we deduce 
the modular transformation of the characters of the super-coset under r — > — l/r: 



(-l/r)=e 



2fa6dim0) -lA+l 



E 



neM* modfeMt 



2;t t^'^) \ ^ \ ^ 

e fc+9* > > e[w) e'^+s 
A' wew 



(D.16) 



h ' 
—a 



D.3 Fermionic characters 

For an even number of fermions it is possible to express the characters in terms of repre- 
sentations of the SO (2n)^ affine algebra. The characters are labelled by s = (0, 1, 2, 3) for 
the trivial, spinor, vector and conjugate spinor representations: 



"2n ~ 


1 
2r/" 




1 


"2n — 


2j7" 


77I 

"2n — 


1 

2?7" 




1 


"2n — 


2?7" 



trivial 
vector 
spinor 

conjugate spinor 



Their modular matrices are: 



T = e 



—imr/ 12 



/l \ 

0-10 

e*"'^/^ 

\0 e*'"''/^ 



and 



/ill 1 \ 
11-1-1 
1 -1 

\1 -1 -i-"" i-^ J 



(D.17) 



(D.18) 



(D.19) 
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